ISSN: 1304-7981 Number: 6, Year: 2014, Pages: 51-61 http://jnrs.gop.edu.tr 




Received : 09.06.2014 Editors-in- Chief : Naim (gagman 

Accepted : 01.07.2014 Area Editor: Oktay Muhtaroglu 



Neutrosophic Ideals of T-Semirings 

Debabrata Mandal 1 (dmandaljumath@gmail.com) 

Department of Mathematics, Raja Peary Mohan College, Uttarpara, Hooghly-7 12258, India 



Abstract - Neutrosophic ideals of a T-semiring are introduced 
and studied in the sense of Smarandache[14], along with some 
operations such as intersection, composition, cartesian product 
etc. on them. Among the other results/characterizations, it is 
shown that all the operations are structure preserving. 

1 Introduction 

Uncertainties, which could be caused by information incompleteness, data randomness 
limitations of measuring instruments, etc., are pervasive in many complicated problems 
in biology, engineering, economics, environment, medical science and social science. We 
cannot successfully use the classical methods for these problems. To solve this problem, 
the concept of fuzzy sets was introduced by Zadeh [15] in 1965 where each element have 
a degree of membership and has been extensively applied to many scientific fields. As a 
generalization of fuzzy sets, the intuitionistic fuzzy set was introduced by Atanassov [1] 
in 1986, where besides the degree of membership of each element there was considered 
a degree of non-membership with (membership value + non-membership value) < 1. 

There are also several well-known theories, for instances, rough sets, vague sets, 
interval-valued sets etc. which can be considered as mathematical tools for dealing with 
uncertainties. In 1995, inspired from the sport games (winning/tie/defeating), votes, 
from (yes/NA/no), from decision making (making a decision/ hesitating/not making), 
from (accepted/pending/rejected) etc. and guided by the fact that the law of excluded 
middle did not work any longer in the modern logics, F. Smarandache [14] combined 
the non-standard analysis [4, 11] with a tri-component logic/set /probability theory and 
with philosophy and introduced Neutrosophic set which represents the main distinction 
between fuzzy and intuitionistic fuzzy logic/set. Here he included the middle compo- 
nent. i.e. the neutral/ indeterminate/unknown part (besides the truth/membership 
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and falsehood/non-membership components that both appear in fuzzy logic/set) to 
distinguish between ’absolute membership and relative membership’ or ’absolute non- 
membership and relative non-membership’ (see, [6, 13]). There are also several authors 
[2, 3, 8] who have enriched the theory of neutrosophic sets. 

Inspired from the above idea and motivated by the fact that ’semirings arise natu- 
rally in combinatorics, mathematical modelling, graph theory, automata theory, parallel 
computation system etc.’, in the paper, I have used that to study the ideals, which play 
a central role in the structure theory and useful for many purposes, of T-semiringsflO] 
- a generalization of semirings [5, 7] and obtain some of its characterizations. 

2 Preliminaries 

We recall the following results for subsequent use. 

Definition 2.1. Let S and V be two additive commutative semigroups with zero. Then 
S is called a T -semiring if there exists a mapping S x T x S — > S ( (a,a,b) h- >• aab) 
satisfying the following conditions: 

(i) (a + b)ac = aac + bac 

(ii) aa(b + c) = aab + aac 
(in) a(a + 0)b = aab + af3b 

(iv) aa(bj3c ) = ( aab)/3c 

(v) Oscta = 05 = aaOs 

(vi) aOr b = 0 g — 60ra 

for all a,b,c G S and for all a, (3 G T . 

For simplification we write 0 instead ofOg and Or- 

Definition 2.2. A left ideal I of V -semiring S is a nonempty subset of S satisfying the 
following conditions: 

(i) If a,b G I then a + b G / 

(ii) If a G / , s G S and 7 G T then sja e / 

(Hi) I^S. 

A right ideal of S is defined in an analogous manner and an ideal of S is a nonempty 
subset which is both a left ideal and a right ideal of S. 

Definition 2.3. Let R , S be two T -semirings and a,b £ R, 7 G T. A function f : R — > 
S is said to be a homomorphism if 



( 1 ) /(a + b) = f(a) + f(b) 
(ii) fia'yb) = f{a)^f{b) 
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(in) /(O r) = O5 where 0# and O5 are the zeroes of R and S respectively. 

Definition 2.4. A neutrosophic set A on the universe of discourse X is defined as 
A = {< x, A T (x), A T (x), A F (x) >, x G X}, where A T , A 1 , A F : X — f _ 0, l + [ and ~0 < 
A T (x) + A 1 (x) + A F (x) < 3 + . From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets of]~ 0, l + [. But in real life 
application in scientific and engineering problems it is difficult to use neutrosophic set 
with value from real standard or non-standard subset of]~ 0, l + [. Hence we consider the 
neutrosophic set which takes the value from the subset of [0, 1], 

3 Main Results 

Throughout this section unless otherwise mentioned S denotes a T-semiring. 

Definition 3.1. Let y = (y T , y 1 , y F ) be a non-empty neutrosophic subset of a Y- 
semiring S (i.e. anyone of y T (x), y\ x ) or y F (x) not equal to zero for some x G S). 
Then y is called a neutrosophic left ideal of S if 

(i) y T (x + y) > min {y T (x) , y T (y)} , y T {xy y) > y T {y) 

(ii) y T (x + y) > y\ x ^y) > y\ y ) 

(Hi) h F (x + y) < nia x{y F (x) , y F (y)} , y F {x^y) < y F (y). 
for all x,y G S and 7 G T. 

Similarly we can define neutrosophic right ideal of S. 

Example 3.2. Let S be the additive commutative semigroup of all non-positive integers 
and T be the additive commutative semigroup of all non-positive even integers. Then S 
is a T -semiring if a^b denotes the usual multiplicatioji of integers a,j,b where a,b e S 
and 7 6 T. Define a neutrosophic subset y of S as follows 

[ (1,0,0) if x = 0 
y(x) = < (0.8, 0.3, 0.4) if x is even 

^ (0.3, .02, 0.7) if x is odd 

Then the neutrosophic set y of S is a neutrosophic ideal of S. 

Theorem 3.3. A neutrosophic set y of a Y -semiring S is a neutrosophic left ideal of 
S if and only if any level subsets yf {x e S : y T (x ) >t,tE [0, 1]}, yj := {x e S : 
y T (x) >t,tE [0, 1]} and y F := {x € S : y F (x ) <t,t& [0, 1]} are left ideals of S. 

Proof. Assume that the neutrosophic set y of S is a neutrosophic left ideal of S. Then 
anyone of y T , y 1 or y h is not equal to zero for some x G S i.e., in other words anyone 
of yf , y( or y( is not equal to zero for all t G [0, 1]. So it is sufficient to consider that 
all of them are not equal to zero. 

Suppose x,y G yt — (yf, y{, /if), s G S and 7 G T. Then 

y T (x + y) > min {y T (x) , y T (y)} > min{f,f} = t 




y F (x + y) < ma x{y F (x), y F (y)} < 111a x{t, t} — t 
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which implies x + y G /if, /if r f i.e., x + y G Rt- Also 

r t (s , jx ) > r t (x) > t 
R I (s'yx) > R T (x) > t 
R F (s r yx) < r f (x) < t 

Hence s'yx G Rt- 

Therefore R t is a left ideal of S. 

Conversely, suppose Rtfj^ (ft) is a left ideal of S. If possible r is not a neutrosophic left 
ideal. Then for x,y G S anyone of the following inequality is true. 

r t (x + y) < min {r t (x) , r t (y)} 

r\x + y) < AMMM 

r f (x + y) > nia x{r f (x) , r f (y)} 

For the first inequality, choose t\ = ^[r t (x +y) +mm{R T (x) , r 1 (//)}]. Then R T (x + y ) < 
ti < min {r t (x), R T (y)} which implies x,y G /if but x + y rJ - a contradiction. 

For the second inequality, choose f 2 = l[R I (x+y)+mm{R I (x), //(//)}]. Then R^x+y) < 
£ 2 < r (-t)+m fa) w } 1 j c } 1 implies x, y G /if but x + y ^ /if - a contradiction. 

For the third inequality, choose £3 = |[/i F (a; + //) + max{/i F (T), /i F (//)}]. Then /i F (x + 
y) > t 3 > max{ r f (x), r f (//)} which implies x, y G /if but x + // ^ /if - a contradiction. 
So, in any case we have a contradiction to the fact that R t is a left ideal of S. 

Hence the result follows. □ 

Definition 3.4. [9] Let r and v be two neutrosophic subsets of S. The intersection of 
r and v is defined by 

(r t fl n T )(x) = min{/i T (x), n T (x)} 

( R 1 fl r ,I )(x) = min{//(x), z/(x)} 

(r f Du F )(x) = ma x.{r f (x) , v F (x)} 

for all x G S. 

Proposition 3.5. Intersection of a non-empty collection of neutrosophic left ideals is 
also a neutrosophic left ideal of S. 

Proof. Let { R t : % G /} be a non-empty family of neutrosophic left ideals of a T-semiring 
S and x, y G S, 7 G F. Then 

( H t rJ)( x + y) = inf /if (x + y) > inf {min {/if ( x),r f (//)}} 

idl zEi i£l 

= min {inf r f (x), inf rJ (//)} 

= min{( n uf) (x), (C /if) (//)}. 

i£l i^I 
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( P uf ) (x + y) = sup /if (x + y) < sup {max{/if (x) , yf (y ) }} 

i£l iel 

= max{sup yf (x), sup /if (//)} 
ie/ iei 

= max{( n uf)(x), (nuf)(y)}. 

( n wf)(x72/) = inf fiKxjy) > inf yj (y) = ( H nf )(//). 

2Gj zEi iG/ 

(V)N) = inf vlixiy) > inf Rl{y) = (n wf)(y). 

2G/ 2Gj lEi iGi 

( P uOix'yy) = sup /if (x7y) < sup /if (//) = ( n /if )(//). 

iei ieI ieI i&i 

Hence fl y x is a neutrosophic left ideal of S'. □ 



Proposition 3 . 6 . Let f : R —> S be a morphism of V -semirings. Then 

(i) If (j> is a neutrosophic left ideal of S, then /” 1 ( 0 ) [ 12 ] is a neutrosophic left ideal 
of R- 

(ii) If f is surjective morphism and y is a neutrosophic left ideal of R, then f(y) [ 12 ] 
is a neutrosophic left ideal of S. 



Proof. Let / : R — > S be a morphism of T-semirings. 

(i) Let (f be a neutrosophic left ideal of S and r,s E R, 7 G T. 



f~\4> T )(r + 8) = 0 T (/(r + a)) = 0 T (/(r) + f(s)) 

> min{0 T (/(r)),0 T (/(s))} = min{(/ 1 (0 T ))(r),(/ 1 (0 T ))(s)}. 

f~ 1 { ( t )I )i.r + s) = 0 7 (/(r + s)) = 0 J (/(r) + /(s)) 

> P (fjrD+P (f(s)) _ (/~ 1 (0 z ))(r-)+(/- 1 (</> J ))(g) 



/ 1 (0 F )(' r + s ) = 0 F (/(r + s)) = 0 F (/(r) + /(s)) 

< 111a x{0 F (/(r)),0 F (/(s))} = max{(/ _1 (0 F ))(r ), (/ -1 (0 F ))(s)}. 

Again 

(/ _1 (^ T ))(ns) = f> T (f(ns)) = <f> T (f(rhf(s)) 

><P T (f(s)) = (f-\<f T ))(s). 

= tfifins)) = </> 7 (/(r)7/(s)) 

><P I (f(s)) = (f~\<P I ))(s). 

= <P F if(ns)) = </> f (/(t) 7 /(a)) 

<<p F (f(s)) = (f-\<p F ))(s). 

Thus f l { 4 >) is a neutrosophic left ideal of R. 
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(ii) Suppose /t be a neutrosophic left ideal of R and x , y G S, 7 G T. Then 
(f(/j T ))(x'+y') = sup r t (z) > sup R T (x-\-y) > sup{min{// T (x),/x T (t/)}} 

zef- 1 ^' +y') xe/ _1 (x'),ye/ _1 (y') 



= minjsup r t (x), sup y T (y)} = mm{(f(fi T ))(x), (f(y T ))(y')}. 



X£f 1 (x') y£f 1 {y) 



(/(//))(/+ ?/) — sup //(z) > sup yHx + y) > sup M ^ 
^e/- 1 ( a;, +y , ) xef~ 1 (x'),y&f~ 1 (y') 

= §[sup//(x) + sup fj, J (y)] = |[(/(//))(/) + (/(//))(//')]■ 
x£f~ 1 {x') ye/ _1 (y') 



(f(y F ))(x + y) = inf /i F (z) < infy F (x + y) < mf{max{y F (x), y F (y)}} 

zef~ 1 (x' +y) x&f- 1 {x'),y&f~ 1 {y') 

= max{inf p F (x), inf y F (y)} = max{(/(/))(i'), (/(t^)) (?/)}• 
xe/- 1 ^') yef~ l {y') 



Again 

f{n T )(x'^y) =sup y T (z)> sup y T (x-yy) 
z£f~ 1 (x'ry') xe/- 1 (x'),y6/- 1 (y') 

> sup fi T (y) = f(y T )(y). 

y£f~\y) 

fi^ix'iy) = sup //(*) > sup //(ary y) 
zef~ l (x' 7y') x€f- 1 (x),v€f- 1 (y') 

> sup //(?/) = /(//)(?/). 

ye/ _1 (y') 

f(y F )(x'^y) = inf //(/ < inf y F (x^y) 

z£f- 1 (x''yy') x^f- 1 {x),y&f~ 1 (y') 

< inf // F (y) = f(v F )(y). 

ye/ _ 1 (y') 

Thus /(/a) is a neutrosophic left ideal of S'. 



□ 



Definition 3.7. [9] Let /i and u be two neutrosophic subsets of S. The cartesian product 
of // and v is defined by 



(h T x v T )(x,y) = 

(/ x z/)(a c,j/) 

(h F x v F )(x,y) = 



mm{iJ T (x),u T (y)} 

= ^(x) + */(y) 

2 

max{/i F (x), z/ (//)} 



for all x,y G S. 

Theorem 3.8. Let y and u be two neutrosophic left ideals of S. Then p x v is a 
neutrosophic left ideal of S x S. 
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Proof. Let (xi,x 2 ), (2/1 , 2/2) G S x S and 7 G T. Then 

(p T X v T )((x 1 ,x 2 ) + (2/1, 2/2)) = (h T x v T )(xi + yi,x 2 + y 2 ) 

= min{y T (x 1 + 2/1), + y 2 )} 

> min{min{/i T (xi), y T (yi)}, mm{v T (x 2 ), v T (y 2 )}} 

= min{min{/x T (a;i), u T (x 2 )}. mm{y T (yi), u T (y 2 )}} 

= min{ (y T x u t )(x 1 ,x 2 ), (y T x io T )(y 1 ,y 2 )}. 

(y 1 x i/)((xi,x 2 ) + (2/1, 2/2)) = (p 7 x i/ 7 )(zi + 2 /i,®2 + 2/2) 

_ + (:E2+3/2) 

— 2 

> 1 r /(^i)+)' f (yi) _|_ v 1 M+u 1 (y 2 ) j 

_ ir/]ii)±^N , a 1 (yi)+P M -1 
21 2 _r 2 / 

= |{(/ x ^ J )(®1,®2) + (A* 7 X ^ 7 )(2 /i, 2/2)}- 

X v f )((xi,x 2 ) + (2/1, 2/2)) = {p F X + j/i,x 2 + 2/2) 

= rnax{//(x' 1 + 2/i), ^(^2 + 2/2)} 

< max{max{/z 7 ’(xi), /z F (|/i)}, max{/y F (x 2 ), v F (y 2 )}} 

= max{max{/i F (xi), maxj/i 7 (yi), (2/2) }} 

= max{ (y F x z/ F )(x i,x 2 ), (p F x u F )(y 1 , 2/2)}- 

(b r x z /T )((a:i, ^ 2 )t(2/i j 2/2)) = (l T x Z2 T ) (2772/1, a; 2 72/ 2 ) = min{/z T (zi7^i), z/ T (z 2 7t/ 2 )} 

> min {y T ( yi ),u T (y 2 )} = (y T x ^)(2 /i,2/ 2 )- 



(/ x z /7 )((^i, ^2)7(1/!) y 2 )) 



= (// x z/ 7 )(a: 1 7|/ 1 , x 2 'yy 2 ) = ^(™)+^W 2 ) 

> ^(viy( W ) = ( ^ xy / )(yi>y2)- 



x z/ F )((xi,x 2 )7(7/i,t/ 2 )) = (/i F x z' 77 ') (2773/1, 2773/2) = max{/z F (2773/1), z/ F (0772/2)} 

< max{// F (yi),i/ F (2/ 2 )} = (p F x z^X/Zi, 3/2). 



Hence y x u is a neutrosophic left ideal of S' x S'. 



□ 



Theorem 3.9. Let y be a neutrosophic subset of S. Then y is a neutrosophic left ideal 
of S if and only if y x y is a neutrosophic left ideal of S x S . 

Proof. Suppose y be a neutrosophic subset of S. If y is a neutrosophic left ideal of S 
then by Theorem 3 . 8 , y x y is a neutrosophic left ideal of S x S. 

Conversely, suppose y x y is a neutrosophic left ideal of S x S and 27,27,37,3/2 G S, 
7 G T. Then 

mm{y T (x 1 + y 1 ),y T (x 2 + y 2 )} = (y T x y T )(x 1 + 3/1,27 + 2/2) 

= (y T x y T )({xi,x 2 ) + (2/1, 2/2)) 

> min {(y T x y T )(x 1,27), ( y T x y T )(yi, 2/2)} 

= mm{mm{y T (x 1 ),y T (x 2 )},mm{y T (y 1 ),y T (y 2 )}}. 
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, art =( / x /) (:Ci + !/1 , X2 + !/2 ) 

= (/ X /)((* 1,*2) + (i/l.fe)) 

-> (/i J x/)(n,j;2)+(/x/)('iji,^) 

— 2 

_ 1 , M J (j/i)+M 7 (;/2) i 

2 L 2 ~ r 2 h 

max{y F (x 1 + y 1 ),y F (x 2 + y 2 )} = (r F x /x f )(xi + y u x 2 + 2/2) 

= (/X F x y F )((x u x 2 ) + (2/1, 2/2)) 

< max{(/ x /x f )(xi,x 2 ), (/U F x /Z’) (2/1, 2/2)} 

= max{max{/(ii), /Z(z 2 )}, max{/Z(2/i), /Z(2/ 2 )}}- 

Now, putting X\ = x, x 2 = 0, 2/1 = y and y 2 = 0, in the above inequalities and noting 
that /U T (0) > y T (x), ;//(0) = 0 and y F ( 0 ) < y F {x) for all x E S we obtain 

R T (x + 2/) > mm{y T (x),y T {y /)} 

//(z + 2/) > 

y F (x + y) < max{y F (x),y F (y)}. 



Next, we have 

min{/x T (xi72/i),/x T (x 2 72/ 2 )} = {y T x // T )(a:i 72 /i, x 2 jy 2 ) = (y T x y T )((xi, x 2 )^f(yi, y 2 )) 

> (y T x y T )(yi, y 2 ) = mm{y T (y 1 ),y T (y 2 )}. 

=(/x/)((xi,x 2 ) 7 (yi,2te)) 

> (// x /) (2/1, 2/2) 

_ /dQuH/dfe) 

2 

max{/i F (xi72/i),yU F (x272/2)} = (/Z x /Z) (2772/1, ^272/2) = (y F x /Z) ((27, 27)7(2/1, 2/2)) 

< (/Z x /Z) (2/1, 2/2) = max{/Z(2/i),/Z(2/ 2 )}. 

Taking 27 — x, x 2 — 0, 2/1 = y and y 2 = 0, we obtain 

fOny) > R r (y) 

^(xjy) > y\y) 

R F ( x ify) < y F {y)- 

Hence y is a neutrosophic left ideal of S. □ 

Definition 3.10. Let y and, v be two neutrosophic sets of a T -semiring S. Define 
composition of y and v by 



y T ou T (x ) = sup {min {y T (af) , v T (bf)}} 

n i 

x = ^ ^ 

i=l 

= 0, if x cannot be expressed as above 
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R I OU I (x) = sup Yli=l 

n 

cc= ^ ^ Q j i r Yibi 
i= 1 

= 0, if x cannot be expressed as above 
li F ov F {x) = inf (max{/i F (a^), v F (bi)}} 

n i 

x= ^ ^ Q'i'yibi 
i=l 

= 0, if x cannot be expressed as above 
where x, a i) bi G S and 7* G T, for i — 1, n. 

Theorem 3.11. If r and v be two neutrosophic left ideals of S then rov is also a 
neutrosophic left ideal of S. 

Proof. Suppose r , v be two neutrosophic ideals of S and x,y G S, 7 G T. If x + y 
cannot be expressed as YH=\ a ilih, for a,, bi G S and 7 j G T, then there is nothing to 
prove. So, assume that x + y have such an expression. Then 



( r t ou t )(x + y) 

= sup {min {r t (af),v T (bi)}} 

n i 

x +y= 

> sup {mm{R T (c i ),v T (di),R T (e i ),i' T (f i )}} 

n Tl 1 

x= ^ ^ CiSidi) y ^ ^ ^iVifi 
i= 1 i= 1 

= min{ sup (min {r t ( cf) , u T (df)}} , sup (min {r T ( ef) , v T (ff)}}} 

n i n i 






y= 



^2 eiVifi 



i= 1 



i = 1 



= min {(/ x T ozA )( a ;), (r t ov T )(y)} . 



(r i oi ,i )(x + y) 
= sup 



E n /i 1 (aR+u 1 (bR 
i = 1 2 



®+2/= ORR^i 
1=1 

> sup 

n n 



sr^n P {cR+v 1 (dR+^i 1 (eR+v 1 (fR 
2-^i=l 2 



1 ^ Cjd'jdj 



y = Wifi 



z_z 






2—1 2—1 
\ lr Q11 „ upcR+vRdR 

— 2 I bLl i J Z^j=i 2 ’ 

n 



sup 

n 



jjf_ {eR+u 1 (fR 
Z-^i=l 2 



^ ^ Cididi 
2—1 

(f! 1 QU I )(x)+(fi I oi/R^y) 



V— ^ ^ ^ iVifi 
2—1 



2 
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( y F ou F )(x + y) 

= inf {max{y F (a,i) , v F (bi)}} 

n i 

x+y= 22 di'fibi 

< inf {max{^ F (c i ),u F (di),R F (e i ),u F (f i )}} 

n n i 

x= ^ ^ C , di 5 y ^ ^ &iVifi 

i = 1 2=1 

= max{ inf {maxj/^),/^)}}, inf {ma x{^ F (e i ),u F (f i )}}} 

n i n i 

x= ^ ^ Ci^idi y— ^ ^ Ci^ifi 

= max{(/i F oz/ F )(x), (y F ou F )(y)}. 



(y T ov T )(x^y) = sup {min{/i T (a i ), z/ T (6*)}} 

n i 

x iv = ^ OjCij&j 
i=i 

> sup {min{/i r (x 7 e t ) , /^ T (.A) }} 

n * 

X7y= x o /e i r /i.A 

> sup {min{/x T (ei),i/ T (/i)}} = (fi T ou T )(y). 

n 1 

V = ^ ^ &iVifi 

i=l 

(y I ov I )(x^y) = sup EHi /iI(ai) + 1/I(6<) 

n 



X 1V = 

i= 1 

> sup 

n 



E n 

i= 1 



x i y= 



Y xi e Wifi 



2=1 



> sup 

n 

Y e i T h fi 



y= 



2=1 



(/^ F ou F )(x'yy) = inf (max{/i F (aj), ^ F (6j)}} 

n 2 

x i y = 22 a-iOtibi 

< inf {max{ y u F (x 7 e i ),i/ F (/ i )}} 

n 2 

x i y = ' Y J x^ewifj 

< inf {max{^ F (ej),z/ F (/i)}} = (/x F oi/ F )(i/). 

n 2 

2/ = y j 6 iVifi 

i= 1 

Hence /xoi' is a neutrosophic left ideal of S. 



□ 
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4 Conclusion 

In this paper, we have studied neutrosophic ideals of T-semirings in the sense of 
Smarandache[14] with some operations on them and obtain some of its characteri- 
zations. Our next aim is to use these results to study some other properties such prime 
neutrosophic ideal, semiprime neutrosophic ideal, radicals etc.. 
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